We analyze a process of splitting of the Bose-Einstein condensate and the mutual coherence of two separated atomic clouds. Within the classical fields approximation we show that coherence between clouds is degraded if atoms interact and if we account for the sufficiently long observation time. We also show, that upon recombination, the coherence across the sample is restored. The coherence is not fully degraded if the splitting potential remains sufficiently penetrable. We calculate the variance of atom number difference for this time-averaging measurement and show that for low temperatures it can be well below Poissonian limit like it was observed in the experiments.
I. INTRODUCTION
Although a long time has passed since the early study of the quantum measurement of John von Neumann to a modern analysis of Wojciech Żurek [1] stressing the role of decoherence due to an interaction of a quantum system with the macroscopic, classical measuring device, a lot remains to be done before the understanding of the quantum measurement could be considered complete.
Experiments with a Bose-Einstein condensate bring a new element to the game. The condensate is a mesoscopic collection of very many atoms, nearly perfectly isolated from any contact with the environment, forming a well defined single quantum object. In the experiments with BEC we are probing a border between a macroscopic, classical world and the quantum realm in yet another way. In most experiments, the measurement of the condensate is done by shining a laser pulse on the gas and then analyzing the shadow with the help of a ccd camera. The pulses have their length, typically several microseconds, and the pixels of the ccd camera have their extend allowing these days for a spatial resolution below 1 micron. Thus the procedure introduces inevitable limits on the temporal and the spatial resolution. A natural question arises if these limits influence the results of a measurement in a significant way.
In the present paper we argue that it does, at least within a very convenient approximate treatment of the weakly interacting Bose gas known as the classical fields approximation.
Our result raises a question if the same is true in the experimental environment. In this paper we concentrate our attention on experimentally relevant, yet very fundamental process of splitting of a condensate by a dividing potential. This process is an essential ingredient in many atomic interference schemes [2] [3] [4] . The coherence properties induced by the splitting and recombination were studied for instance in [5] .
Let us consider the simplest possibility: the ground state of a weakly interacting Bose gas confined in a trap. In this case the multiparticle wave function, to a very good approximation, is a product of all atoms occupying the same normalized orbital φ(x):
Now, we consider two spatial parts of this system labeled L and R respectively and ask what is the probability distribution of finding N L atoms in the L part (and remaining N −N L 2 in the R part). Each orbital may be written as a sum of two mutually orthogonal orbitals φ L and φ R with the support in L and R respectively:
where
This combinatorial problem has a very simple solution. The probability distribution of finding N L atoms in the left part is binomial
This implies that the mean value of the population difference
a quantity most relevant in atom interferometry [2, 3] , is equal to
and its variance
Thus the variance is vanishing for the whole φ either in the left or in the right part of the trap (p = 0 or p = 1) and is maximal for symmetric splitting (p = 1/2) indicating Poissonian fluctuations in this case.
In several experiments the trapped Bose gas was physically split into two parts using a dividing potential produced by a laser beam or the magnetic potential barrier on an atom chip [6] . Then the statistics of the population difference was measured as a function of initial temperature. As the temperature is lowered and thermal fluctuations are being suppressed, the population difference becomes clearly sub-Poissonian Fig. 4 in [6] . To account for this observation in [6] it was assumed that the system after splitting becomes a classical mixed state of left and right modes. The coherence between the two parts is lost. On the other hand very early experiments with the recombination of the split condensate showed mutual coherence of the two parts by the observation of interference fringes [7] .
This looks like a paradox. It is the main purpose of this paper to demonstrate that both:
the loss of coherence as a result of splitting and its revival at recombination arise in a natural way in the classical fields approximation for weakly interacting bosons [8] [9] [10] [11] and that the coarse graining of an imperfect measurement is essential to explain both effects.
In the classical fields approximation the atomic field operatorΨ(x), which is conveniently expanded into the empty trap eigenvector basis:
(φ i (x) harmonic oscillator eigenstates for the quadratic trapping potential) is being replaced by a c-number classical, complex, scalar field with complex amplitudes α j substituted in place of the annihilation operatorsâ j :
The relation between the atomic field operator and its classical field simplification is analogous to the relation between Maxwell electric and magnetic fields and their operator counterparts in QED. Just as for light, the classical approximation suffers for an ultraviolet catastrophe when thermal equilibrium is considered, thus a high energy cut-off K max is needed. Its optimal choice was determined in [12] . For a 1D Bose gas with contact repulsive interactions in a harmonic trap of frequency ω at temperature T it is given by:
where µ is the chemical potential and k B is the Boltzmann constant. Now, the system lives in a finite dimensional classical phase space spanned by the amplitudes α j . The canonical probability distribution in this phase space is given by:
where Z is the canonical partition function while the energy of a given point in the phase space is:
The first term represents the energy of an ideal gas in a harmonic trap and the second term is the interaction energy -a quartic polynomial in the amplitudes, which for the contact interaction V (x − y) = gδ(x − y) is simply:
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The distribution (10) may be conveniently generated by the Metropolis algorithm [13] . We interpret individual elements of the ensemble as describing individual runs of the experiment. This way, for instance, spontaneously generated solitons in quasi 1D Bose gas [14] were discovered. Obviously as the temperature grows, the wave functions of the ensemble are typically not perfectly symmetric even for symmetric splitting. The fluctuation of the population difference due to this effect we will call "thermal". However, there is an additional
question: To what extend the fluctuations associated with the multiparticle occupation of the same quantum state (here we will call them "quantum fluctuations") of the kind given by (6) contribute to the measured population difference variance. We stress that the classical field for nonzero temperature should not be confused with the universal single particle wave function of the ground state (1).
In Ref. [15] it was argued and then numerously exploited [16] , that the measured oneparticle density matrix may be obtained from the classical fields by means of the coarse graining reflecting the limited spatial and/or temporal resolution of available detectors.
Thus, physical results may be obtained from:
Again a close analogy exists with the classical, Maxwell electrodynamics. Imagine a source of a partially coherent light. At a microscopic level at each point in space and time electric field has a well defined value. While a product of electric fields at two points in spacetime is a well defined but usually useless number, a coarse graining caused by the detectors makes such a quantity useful. This way one defines such notions like the coherence length and the coherence time. Only such a coarse grained quantity may be checked against various stochastic models of partially coherent light.
The action of the coarse graining process may be illustrated by a simple example of the ideal gas. Let us assume that the classical field for some atomic sample is a sum of the eigenstates ψ j of its single particle Hamiltonian with energies E j that is Ψ(x, t) = j α j exp(−iE j t)ψ j (x), then for time integration much longer than typical inverse of a distance between the energies, the relative phases between different amplitudes are forgotten and the coarse grained one-particle density matrix reads: ρ(x, x ) = j |α j | 2 ψ * j (x)ψ j (x ). Like in the classical theory of coherence of light [17] , also for the atomic correlation function (13), viewed as a hermitian operator in positions x and y, may be diagonalized
The eigenvectors, known in the coherence theory as the coherence modes (in atomic physics known as natural orbitals [18] ) are just the wave functions occupied by the atoms. The eigenvalues tell their respective populations [19] 
Thus the quantum fluctuations of atom number difference should be given by
II. METHOD AND RESULTS
Equipped with this theoretical background we turn now to an illustrative example: We consider a one dimensional weakly interacting Bose gas confined in a harmonic trap of frequency ω = 29Hz. The coupling constant g is equal to 0.03 and is calculated assuming that the 1D treatment is an approximation to an elongated axially symmetric 3D harmonic trap with transverse frequency ω ⊥ = 1kHz, g =
2π
mω ⊥ g 3D .
We prepare our system of N = 900 87 Rb atoms in a thermal equilibrium state of tem-
(which corresponds to 0.08T c , where T c = N/ln(N ) is a transition temperature for 1D gas). The temperature is so low that the thermal population difference is very small, way below the Poissonian fluctuations. A single point in the phase space is then used as an initial state for the process of growing dividing potential of Gaussian shape
. Linear ramp A(t) = Rt is assumed with the rate R = 100 ω 2 . The time evolution of the classical field is governed by the time dependent Gross-Pitaevskii equation:
The growth terminates at A = 200 ω, when tunnelling across the barrier is no longer possible. We then perform the coarse graining using different exposure times ∆τ . The resulting one-particle density matrix is then shown in Fig. 1 . We compare the results for the ideal Bose gas with that for the weakly interacting one. We see, that while the mutual coherence between the two parts of the ideal gas is not degraded by even a very long observation time, the interacting gas appears to be an incoherent mixture of the left and right components if the observation time is long enough.
We also diagonalize the coarse grained density matrix. The distribution of the eigenvalues of the initial state has a dominant element -the population of the condensed state [19] .
This distributions are shown in Fig. 2 an 3 . The density matrix of nearly completely incoherent mixture of the left and the right subsystem has two dominant eigenvalues with the corresponding eigenvectors residing nearly fully in the left and in the right well respectively.
The dominant eigenvectors are shown in the inset in Fig. 2 .
Thus while at low temperature most atoms occupy the two lowest orbitals, each of them is so asymmetric, i.e. it has the value of p so close to 0 or to 1, that the quantum fluctuations are negligible. This can explains why in [6] a sub-Poissonian fluctuations of the population difference was observed at low temperature.
The next numerical experiment consists of a sequence of growing barrier, long evolution of the split gas, then rapid decrease of the barrier allowing for the recombination of the gas and finally the coarse graining with the integration time as long as the one enabling the decoherence in the presence of the impenetrable barrier. The coarse grained density matrix is shown in Fig. 5 . Clearly the mutual coherence is quickly restored. Thus the variance of the population difference is expected to increase to the Poissonian level.
The speed of raising the barrier matters: as the splitting is done more gently fewer excitations are generated and the system stays closer to its ground state. We illustrate this property in Fig. 4 , where we compare the coarse grained one-particle density matrix for two speeds of splitting.
As a next example, consider a barrier which is raised to a level that is not high enough to shutdown the tunnelling. The density matrix, again for the same integration times, is shown in Fig. 6 . As the barrier becomes penetrable to allow just a few atoms to switch sides during the coarse graining is detained. To summarize: we have shown that the results of a conventional quantum measurement of the Bose-Einstein condensate may in some cases depend on the resolution of the measurement procedure, at least according to the classical fields approximation. It would be very interesting to verify this main conclusion of the present paper. We note that our observation times are unrealistically long (around one second). This is probably a result of a strict one-dimensional model for which the Gross-Pitaevskii equation is very close to a fully integrable nonlinear Schrödinger equation [20] thus making thermalization times very long.
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